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Abstract
The linearized interactions of eleven-dimensional supergravity are obtained in a man-
ifestly supersymmetric light-cone gauge formalism. These vertices are used to calculate
certain one-loop processes involving external gravitini, antisymmetric three-form poten-
tials and gravitons, thereby determining some protected terms in the effective action of
M-theory compactified on a two-torus.
July 1999
1. Introduction
Classical eleven-dimensional supergravity [1] is the long wavelength or low energy
limit of M-theory [2]. In a number of papers [3,4,5,6] it has been shown that certain
one-loop quantum calculations in compactified eleven-dimensional supergravity generate
terms in the effective M-theory action that arise in string theory as perturbative and
non-perturbative effects. These loop calculations would have been very complicated using
standard Feynman rules for the component fields, in which the many cancellations between
different contributions are not at all apparent. Such cancellations would be natural in a
covariant eleven-dimensional superspace formalism, but such a formalism only exists for
the on-shell theory [7]. In the absence of useful eleven-dimensional covariant superspace
Feynman rules, these one-loop calculations made use of a supersymmetric light-cone gauge.
in which sufficient supersymmetry is manifest to streamline the calculations. The purpose
of this paper is to obtain the light-cone gauge Feynman rules that were used in the earlier
papers and illustrate their use by evaluating some further one-loop amplitudes.
We will start from the quantum mechanical description of the massless eleven-
dimensional superparticle to obtain vertex operators that describe interacting particles
in linearized approximation. This will be sufficient to evaluate the one-loop Feynman
diagrams by integrating over the world-lines of the circulating particles, with the vertex
operator insertions representing the interactions with the external particles. This ap-
proach is modeled on the standard methods for evaluating string theory diagrams. It has
also proved to be an efficient method [8] for calculating radiative corrections to Yang–Mills
theories of relevance to the Standard Model [9] and S-matrix elements in N = 8, d = 4
supergravity [10]. In the case of the four-graviton amplitude the loop calculation reduces
to the strikingly simple form of a simple kinematic factor multiplying a scalar field theory
box diagram.
In section 2 the global and local symmetries of the eleven-dimensional superparticle
action will be elucidated and the light-cone superspace quantum mechanics described. The
light-cone superspace form of the vertex operators that describe the cubic interactions of
the component fields will be introduced in section 3. As with the analogous superstring
vertices these describe the emission of on-shell particles. In this case these comprise the
graviton, gravitino and three-form potential with vertices that will be denoted Vh, Vψ
and VC(3) , respectively. The form of these vertex operators is uniquely determined by
the requirement that they transform appropriately under the 32-component supersym-
metry transformations, which form an SO(10, 1) spinor. In the light-cone gauge these
supersymmetries divide into sixteen linearly realized transformations and sixteen that are
realized nonlinearly. The linear supersymmetry transformations are sufficiently simple to
be checked completely. In order to determine the complete expressions for the vertices the
only nonlinear supersymmetry transformation that needs to be checked is that of the gravi-
ton vertex. The nonlinear transformations of the other vertices are complicated and will
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not be considered. Certain total derivatives with respect to the world-line time parameter
arise in the closure for the supersymmetry algebra which determine the time variations of
the cubic interaction contributions to the light-cone supercharges. Closure of the super-
symmetry algebra also generates higher-order interaction terms involving arbitrary powers
of the superfields, but these will not be considered here. In section 4 dimensional reduc-
tion of the linearized eleven-dimensional theory on a circle is shown to reproduce the point
particle limit of the corresponding linearized IIA superstring theory.
Section 5 will describe the use of these vertex operators to calculate certain classes
of one-loop amplitudes in eleven-dimensional supergravity compactified on a circle or a
two-torus. The particular processes that we will consider are ones that correspond to in-
teractions in the effective action that are integrals over half the on-shell superspace and are
very strongly constrained by supersymmetry. We will argue that the one-loop amplitudes
for such ‘protected’ processes may be calculated completely by using the linearized (cubic)
interaction vertices and do not recieve contributions from higher order contact terms. In
part this will fill in details used in obtaining the one-loop results described in [3,4] where
connections to perturbative and nonperturbative D-instanton induced terms in type IIB
string theory [11] were made. In addition some further amplitudes will be evaluated that
lead to terms in the IIB effective action involving the third-rank and self-dual fifth-rank
field strengths.
2. The massless eleven-dimensional superparticle in light-cone gauge
The configuration space of an eleven-dimensional superparticle has eleven bosonic
coordinates, X µˆ (µˆ = 0, 1, · · · , 9, 11), which form a SO(10, 1) vector and 32 fermionic
Grassmann coordinates, ΘAˆ (Aˆ = 1, . . . , 32), that form a Majorana SO(10, 1) spinor. The
action for such a particle is given by
Sparticle =
1
2
∫
dτ
1
e
ΠµˆΠµˆ (2.1)
where
Πµˆ = X˙ µˆ − iΘΓµˆΘ˙, (2.2)
where the matrices Γµˆ are 32 × 32-component Dirac matrices. The equations of motion
that follow from this action are
Π2 = 0 Π˙µˆ = 0 ΓµˆΠµˆΘ˙ = 0 . (2.3)
The action is invariant under global Poincare´ and supersymmetry transformations,
δαΘ = α, δαX
µˆ = iα¯ΓµˆΘ, (2.4)
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where αAˆ is a constant majorana spinor parameter, as well as local reparameterizations
and kappa symmetry transformations,
δκΘ = iΓ
µˆΠµˆκ, δκX
µˆ = iΘΓµˆδκΘ, δκe = 4e Θ˙κ , (2.5)
where the parameter κAˆ(τ) is a Majorana spinor and a world-line scalar density.
There is no obvious way of formulating the quantum mechanics of this system co-
variantly but it is straightforward to quantize the system in the light-cone gauge. This is
defined by using the reparameterization invariance and kappa symmetry to choose
X+ = x+ + p+τ, Γ+Θ = 0, (2.6)
where the light-cone coordinates are defined by1
X+ =
1√
2
(X0 +X9), X− =
1√
2
(X0 −X9) (2.7)
and
Γ+ =
1√
2
(Γ0 + Γ9), Γ− =
1√
2
(Γ0 − Γ9). (2.8)
The matrix Γ+ projects onto a 16 × 16 subspace spanned by SO(9) Majorana spinors.
In this gauge the action is expressed in terms of the transverse coordinates, XI(τ) (I =
1, · · · , 8, 11), and the 16-component SO(9) spinor, SA (A = 1, . . . , 16), so that
Sl.c. =
∫
dτ
(1
2
(X˙I)2 − iSS˙ ). (2.9)
The equations of motion, ∂X˙I/∂τ = 0 = ∂SA/∂τ imply that both the momentum op-
erator, pI = X˙I and the fermionic operator SA are constant. The (anti)commutation
relations that follow from the Poisson brackets are
[XI , pJ ] = iδIJ , {SA,SB} = δAB . (2.10)
The 32 components of the SO(10, 1) space-time supersymmetry decompose into a
16+ of SO(9)× U(1) that is linearly realized and a 16− that is nonlinearly realized. The
linearly realized supersymmetries are those components that satisfy Γ+α = 0 and will be
associated with a spinor parameter η. They are generated by the SA and their action on
the coordinates is given by
δXI = 0, δS =
√
p+η. (2.11)
1 With this choice of light-cone directions the conventional coordinates of the IIA theory will
be obtained by compactifying the X11 direction.
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The nonlinearly realized supersymmetries will be associated with a second 16-component
spinor parameter ǫ associated with the components that satisfy Γ−α = 0 and act as
δ˜XI = − 2√
p+
ǫγIS, δ˜S = i√
p+
X˙IγIǫ (2.12)
where γI is a 16 × 16 SO(9) gamma matrix and the ˜ will be used to distinguish the
nonlinearly realized symmetries from the linearly realized ones.
The physical states consist of 44 transverse symmetric traceless tensor states |IJ〉 (with
|IJ〉 = |JI〉 and |II〉 = 0) representing the graviton, 128 gamma-tracelss spinor-vector
states |AI〉 (with ΓIAB|AI〉 = 0) representing the gravitino, and 84 antisymmetric tensor
states |LMN〉 representing the three-form potential. These states form a representation
of the linear supersymmetries generated by the action of the sixteen components of SA,
SA|IJ〉 =ΓIAB |BJ〉+ ΓJAB|BI〉
SA|BI〉 = 1
4
ΓJAB |IJ〉+
1
72
(
ΓILMN + 6δILΓMN
)|LMN〉
SA|LMN〉 =ΓLMAB |BN〉+ ΓMNAB |BL〉+ ΓNLAB |BM〉.
(2.13)
2.1. Supersymmetry in the light-cone gauge
The Lagrangian of eleven-dimensional supergravity [1] contains three fields: the gravi-
ton hµˆνˆ , the gravitino Ψ
Aˆ
µˆ and the three-form potential Cµˆνˆρˆ. The covariant equations of
motion imply kµˆkµˆ = 0 together with the physical state conditions,
kµˆh
µˆ
νˆ =
1
2
kνˆh
µˆ
µˆ, Γ
µˆΨµˆ = kµˆΨ
µˆ = Γ · kΨµˆ = 0, kµˆC(3)µˆνˆρˆ = 0 . (2.14)
The light-cone gauge is reached by using the reparameterization invariance, local
supersymmetry and the local symmetry associated with the three-form potential to impose
the conditions
h +µˆ = 0, Ψ
Aˆ+ = 0, C +µˆνˆ = 0. (2.15)
As usual, the light-cone vertex operators will have a particularly simple form in a frame in
which k+ = 0, which is attainable in general when there are few enough external particles.
It is also convenient to take k− to be finite so that, with the condition kµˆkµˆ = 0, the
transverse momenta satisfy kIkI = 0, which is only possible for complexified momenta.
The physical momenta can then be reached by analytic continuation. This kinematic set-up
has proved useful in superstring calculations and will be general enough for our purposes.
In this case the conditions (2.14) become
kIh
I
µˆ =
1
2
kµˆh
I
I , kIΨ
I = 0 = (ΓJkJ − Γ+k−)Ψµˆ, ΓIΨI = Γ+Ψ−, kIC(3)Iµˆνˆ = 0.
(2.16)
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The − components are determined by the constraints (2.14) for non-zero k+ but are
unrestricted when k+ = 0. In writing (2.16) we have assumed that the components,
h −µˆ , Ψ
−A, C −IJ , (2.17)
are non-infinite. Another condition that follows from (2.14) when k+ 6= 0 is the trace-
lessness condition, h II = 0, from which it follows that the physical state condition for the
graviton in (2.16) is,
kIh
I
µˆ = 0. (2.18)
When k+ = 0, the light-cone tracelessness condition does not follow from (2.14) but it can
be imposed by hand.
The physical fields are classified in representations of SO(9). Thus hIJ is a traceless
symmetric second-rank tensor, while h −I is a vector and h
−− is a scalar. The components
of the three-form potential are CIJK and C
−
IJ . The gravitino decomposes into two SO(9)
parts,
ΨAˆµˆ ≡ P+ΨAˆµˆ + P−ΨAˆµˆ = (ψAµˆ , ψ˜Aµˆ ), (2.19)
where P± = 12Γ
±Γ∓. The transverse components ψAI , ψ˜
A
I are two spinor-vectors while
ψ−A, ψ˜−A are two spinors. These satisfy the constraints,
γIABψ˜
B
I = 0, γ
I
ABψ
B
I = ψ˜
−A, kIψAI = 0, k
I ψ˜AI = 0,
γIkI ψ˜µˆ = 0, γ
IkIψµˆ = k
−ψ˜µˆ.
(2.20)
The covariant supersymmetry transformations of the component fields are given by2
δhµˆνˆ = α¯Γ(µˆΨνˆ), δΨµˆ = Dµˆ(ωˆ)α+ T
νˆρˆσˆχˆ
µˆ αFˆνˆρˆσˆχˆ, δC
(3)
µˆνˆρˆ =
3
2
α¯Γ[µˆνˆΨρˆ], (2.21)
where the linearized covariant derivative is defined by
Dµˆ(ωˆ)α =
(
kµˆ + k[ρˆhσˆ]µˆΓ
ρˆσˆ
)
α (2.22)
and the super-covariant Fˆµˆνˆρˆσˆ is simply the field strength Fµˆνˆρˆσˆ = 4k[µˆC
(3)
νˆρˆσˆ]. The tensor
T is defined by
T µˆνˆρˆσˆχˆ =
1
72
(
Γµˆνˆρˆσˆχˆ − 8Γρˆσˆχˆηµˆνˆ) , (2.23)
where ηµˆνˆ is the Minkowski metric.
In the light-cone gauge the supersymmetry transformations (2.21) must be accom-
panied by compensating gauge transformations in order to preserve the gauge conditions
(2.15). The compensating reparameterizations are determined by
δh +I =
1
2
α¯(Γ+ΨI + ΓIΨ+) + k+ξI + kIξ+. (2.24)
2 Numerical factors differ slightly from [1]. A similar normalization has been taken in [12].
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so that the light-cone gauge condition, h+I = 0 is preserved by choosing
ξI = − 1
2k+
α¯Γ+ΨI , ξ+ = 0 . (2.25)
Hence the transverse components of the graviton transform in the following way,
δhIJ = α¯Γ(IΨJ) − 1
k+
α¯Γ+k(IΨJ)
= ηγ(I ψ˜J) + ǫγ(IψJ) −
√
2ǫ
k(I ψ˜J)
k+
,
(2.26)
where ψI , ψ˜I , η and ǫ are SO(9) Majorana spinors defined by
ψI =
1
2
Γ+Γ−ΨI , ψ˜I =
1
2
Γ−Γ+ΨI
η =
1
2
Γ+Γ−α, ǫ =
1
2
Γ−Γ+α.
(2.27)
The reparametrization transformations on ΨI and C
(3)
LMN vanish in the free-field limit
and supersymmetry transformations for these fields in (2.21) are to be compensated by
gauge transformations,
δΨµˆ = kµˆβ, δC
(3)
µˆνˆρˆ = 3k[µˆυνˆρˆ], (2.28)
where the gauge parameters β and υµˆνˆ are an SO(10, 1) Majorana spinor and a two-form,
respectively. Their compensating gauge transformations are
β = −α − 1
k+
T+µˆνˆρˆσˆαFµˆνˆρˆσˆ, υIJ = − 1
k+
α¯Γ+[IΨJ ], υ
+
I = 0. (2.29)
Hence the transverse components of the gravitino transform in the following way
δΨI = DIα+
1
72
(Γ µˆνˆρˆσˆI Fµˆνˆρˆσˆ − 8ΓµˆνˆρˆFIµˆνˆρˆ)α− kIα −
kI
k+
T+µˆνˆρˆσˆαFµˆνˆρˆσˆ, (2.30)
and
δC
(3)
LMN =
3
2
α¯Γ[LMΨN ] −
6
k+
α¯k[LΓ
+
MΨN ] . (2.31)
In terms of SO(9) spinors,
δψI =k[LhM ]Iγ
LMη +
1
72
(γ JLMNI FJLMN + 24γ
LMNkLC
(3)
IMN − 4γLMNkIC(3)LMN )η
− k[+hJ ]IγJǫ−
√
2
72
kI
k+
γJLMNFJLMN ǫ+ · · · ,
δψ˜I =−
√
2
2
k+hIJγ
Jη +
√
2
18
k+(γILMN − 6γMNδIL)C(3)LMN η
+ k[LhM ]Iγ
LMǫ+
1
72
(γ JLMNI FJLMN + 24γ
LMNkLC
(3)
IMN + 4γ
LMNkIC
(3)
LMN ) ǫ
+ · · ·
(2.32)
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where · · · indicate terms with longitudinal polarizations and
δC
(3)
LMN =
3
2
ηγ[LM ψ˜N ] +
3
2
ǫγ[LMψN ] −
6
√
2
k+
ǫk[LγM ψ˜N ]. (2.33)
3. Supersymmetry and the vertex operators
Before showing in some detail how the vertex operators are determined by the require-
ment that they form a representation of the supersymmetry algebra we will summarize the
results. The vertex operator describing the emission of an on-shell physical field, Φ, will
be written in the form
VΦ = UΦe
−ik·X = UΦe
−ikIX
I (τ)eik
−p+τ , (3.1)
where the prefactor UΦ depends on the species of field.
The following notation will also be introduced,
RLMN = 1
12
SγLMNS, RIL = 1
4
SγILS . (3.2)
The operators RIL form a representation of the transverse SO(9) algebra and are trans-
verse angular momentum operators. Extensive use will be made later of the SO(9) Fierz
identity
SASB = 1
2
δAB +
1
32
(γIJ )
ABSγIJS + 1
96
(γIJK)
ABSγIJKS, (3.3)
which is valid for sixteen-component Majorana spinors.
3.1. Summary of vertex operators
Graviton Vertex Operator:
The transverse graviton vertex operator is given by
Uh = hIJ
(
X˙IX˙J − 2X˙IRJMkM + 2RILRJMkLkM
)
, (3.4)
while the longitudinal vertex operators are given by
Uh− = −h −I p+
(
X˙I −RJMkM
)
, (3.5)
Uh−− = h
−−p+p+. (3.6)
The graviton wavefunctions in these expressions satisfy the conditions (2.18).
Gravitino Vertex Operator:
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The transverse gravitino vertex operator is given by
Uψ = ψI
√
p+S(X˙I−2RIJkJ)+ 1√
p+
ψ˜I
{
γ · X˙S(X˙I−2RIJkJ)+ 8
9
γLSRIJRLMkJkM
}
,
(3.7)
while the longitudinal gravitino vertex is given by
Uψ− = −ψ−p+S − ψ˜−p+γ · X˙S. (3.8)
They satisfy the physical state conditions (2.20).
Three-Form Potential Vertex Operator:
The vertex operator for the transverse components of the field strength of the poten-
tial, C(3), is given by
UC(3) = FILMN
(
X˙I − 2
3
RIJkJ
)RLMN . (3.9)
The longitudinal components of the field strength have vertex operators defined by
UC(3)− = −F −LMN p+RLMN , (3.10)
and the components of F are constrained by (2.16).
One direct way of checking the expressions for the vertex operators is to evaluate
their matrix elements between on-shell states and compare with the expressions for the
three-particle couplings in the field theory. As an example, consider the three-graviton
vertex in light-cone gravity which is given by [13]
L3 ∼ 2hJL∂KhIJ∂LhIK − hKL∂KhIJ∂LhIJ . (3.11)
This is easily seen to be equal to the expression obtained by taking the a matrix element
of the graviton vertex operators,
A3 = 〈h1, k1|hIJ2
(
pIpJ − 2pIRJMkM2 + 2RILRJMkL2 kM2
)
e−ik2·X |h3, k3〉 (3.12)
where |h3, k3〉 = hIJ3 e−ik3·X |IJ〉 and use has been made of the fact that RJM acts as an
angular momentum on the graviton states so that,
RJM |RS〉 = 1
2
(
δMR|JS〉 − δJR|MS〉+ δMS |RJ〉 − δJS|RM〉). (3.13)
3.2. Supersymmetry transformation on vertex operators
The vertex operators defined in (3.4) to (3.9) may be derived from the requirement
that they form a representation of the linearized supersymmetry transformations of eleven-
dimensional supergravity. We will go some way to demonstrating this explicitly although
we will not give a complete discussion of all the supersymmetry transformations.
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Proceeding by analogy with the method used in light-cone gauge string theory [14]
(which was explained more fully in [15]), the 32-component supercharge, QAˆ, decomposes
into the SO(9) spinors QA (with parameter ηA) and Q˜A (with parameter ǫA). Whereas
the momentum and the QA supercharge are given by their free-field expressions the op-
erator Q˜A, as well as the hamiltonian H, receive interaction corrections at every order in
perturbation theory. The algebra,
{QA, QB} = 2p+δAB , {Q˜A, QB} =
√
2γIX˙
I , {Q˜A, Q˜B} = 2HδAB,
[H,QA] = 0 = [H, Q˜A],
(3.14)
determines the form of the interaction corrections.
We may expand the interaction operators in powers of the fields, H = H2 +H3 + . . .,
Q˜A = Q˜A2 + Q˜
A
3 + . . ., where a subscript n indicates an operator that has n powers of the
fields. The lowest-order corrections to the free-field algebra are given by
[H3, Q
A] = 0, {Q˜A3 , QB} = 0, (3.15)
and
[H2, Q˜
A
3 ] + [H3, Q˜
A
2 ] = 0, {Q˜A3 , Q˜B2 }+ {Q˜A2 , Q˜B3 } = 2H3δAB. (3.16)
These expressions determine how the free-field generators (H2, Q
A and Q˜A2 ) transform the
interaction terms.
To make contact with the vertex operator description we can associate each n-field
interaction term with a state in the n-particle Hilbert space so that
H3 → |H〉3, Q˜A3 → |Q˜A〉3. (3.17)
Cubic interaction vertices are then identified with matrix elements in which one of the
three external legs is a physical on-shell state, Φ,
VΦ = 〈Φ|H〉3, WAΦ = 〈Φ|Q˜A〉3. (3.18)
These are representations of the interactions in a two-particle space that can be represented
by single creation and annihilation operators in a standard manner. The supersymmetry
transformations of the vertices therefore follow by taking the corresponding matrix element
of (3.16),
δVh = Vψ(δψ), δVψ = Vh(δh) + VC(3)(δC
(3)), δVC(3) = Vψ(δψ)
δ˜Vh = Vψ(δ˜ψ) + ǫ
A d
dτ
WAh ,
δ˜Vψ = Vh(δ˜h) + VC(3)(δ˜C
(3)) + ǫA
d
dτ
WAψ ,
δ˜VC(3) = Vψ(δ˜ψ) + ǫ
A d
dτ
WAC(3) ,
(3.19)
9
where the δ’s are the variations associated with the free-field supersymmetry operators in
(3.15) and (3.16) and the time derivatives are generated by H2. The operators Wh, Wψ
and WC(3) , defined in (3.18), transform under supersymmetry as
δWh =Wψ(δψ), δWψ =Wh(δh) +WC(3)(δC
(3)), δWC(3) = Wψ(δψ),
ǫA1 δ˜ǫ2W
A
h − ǫA1 WAψ (δ˜ǫ2ψ)− (1↔ 2) = 2ǫA1 ǫA2 Vh,
ǫA1 δ˜ǫ2W
A
ψ − ǫA1
(
WAh (δ˜ǫ2h) +W
A
C(3)(δ˜ǫ2C
(3))
)− (1↔ 2) = 2ǫA1 ǫA2 Vψ,
ǫA1 δ˜ǫ2W
A
C(3) − ǫA1 WAψ (δ˜ǫ2ψ)− (1↔ 2) = 2ǫA1 ǫA2 V (3)C .
(3.20)
In (3.19) and (3.20) the supersymmetry-transformed wavefunctions such as δh are given
by the linearized supersymmetry transformations of the fields, (2.26), (2.32) and (2.33).
3.3. Linear supersymmetry on the graviton vertex
Under the linearly realized supersymmetry transformation, δXI = 0, δS =
√
p+η, the
graviton vertex operator, Vh = Uhe
ik·X (with Uh defined in (3.4)), transforms according
to,
δVh = −hIJ
√
p+
(
X˙IηγJKS kK + 1
2
ηγIKS SγJLS kKkL
)
e−ik·X
= k[LhI]Jηγ
LI
√
p+S(X˙J − 2RJMkM)e−ik·X . (3.21)
Hence the linear supersymmetry transformation of the graviton vertex operator is the
gravitino vertex, Uψe
−ik·X (with Uψ defined by (3.7)), with the wavefunction δψ given by
(2.32). None of the other terms in the gravitino vertex (3.7) contribute since they depend
on δψ˜ (2.32), which vanishes for the linear components of supersymmetry when k+ = 0.
3.4. Nonlinear supersymmetry on the graviton vertex
To determine the full structure of gravitino vertex operator including the terms
in (3.7) depending on ψ˜, a non-linearly realized supersymmetry transformation on Uh
has to be performed. Under the non-linear supersymmetry transformations δ˜XI =
−2ǫγIS/
√
p+ , δ˜S = iX˙IγIǫ/
√
p+ . The transformation of the graviton vertex is given
by
√
p+δ˜Vh =hIJ
(− X˙I (δ˜S)γJKS kK + 1
2
(δ˜S)γIKS SγJLS kKkL
)
e−ik·X
+ iǫγIkIS Uhe−ik·X
=− ihIJ ǫ(γILγN − 2δNLγI + 2δNIγL)SkLX˙N
(
X˙J − 2RJMkM
)
e−ik·X
+ 2ihIJ ǫγ
NkNS
(
X˙IX˙J − 2X˙IRJMkM + 2RILRJMkLkM
)
e−ik·X .
(3.22)
The last term, which is of order S5, can be re-expressed using (3.3) as
ihIJ ǫγ
NkNS RILRJMkLkM = −2
9
ihIJ ǫγ
ILγKS RKMRJNkLkMkN . (3.23)
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Hence, (3.22) can be written as
δ˜Vh = 2ik
−hIJ ǫγ
I
√
p+S(X˙J − 2RJMkM)e−ik·X
+ ik[LhI]J ǫγ
LI 1√
p+
(
γ · X˙S(X˙J − 2RJMkM ) + 8
9
γKSRKMRJNkMkN
)
e−ik·X
+ ǫA
dWAh
dτ
,
(3.24)
where
WAh =
1√
p+
hIJ (γ
IS)A(X˙J − 2RJMkM)e−ik·X . (3.25)
This is precisely of the expected form. The right-hand side of (3.24) is the sum of the
gravitino vertex operator (3.7) with wave-function δ˜ψ(ψ˜) and the time derivative of Wh,
which is thus determined.
3.5. Linear supersymmetry on the gravitino vertex
We shall now consider the linear supersymmetry transformation of the gravitino vertex
operator (3.7) which contains much information concerning the graviton and three-form
potential vertex operators. In fact, since the transformation contains terms of order S0,S2
and S4, which are the same orders as in Uh (3.4) and UC(3) (3.9), it will be sufficient to
calculate the linear supersymmetry transformation to confirm the structure of the other
two vertex operators. The linear supersymmetry transformation, (2.11), of the gravitino
vertex is determined by,
δVψ =(ψIp
+η + ψ˜IγLηX˙
L)
(
X˙I − 2RIJkJ
)
e−ik·X + (ψIp
+S + ψ˜IγLSX˙L)(−ηγIJSkJ )e−ik·X
+
8
9
ψ˜IγLηRIJRLMkJkMe−ik·X + 8
9
ψ˜(IγL)SηγLMSRIJkJkMe−ik·X .
(3.26)
In order to check that this agrees with the expected transformation it is necessary
to use Fierz transformations to rearrange these terms so that η contracts into the grav-
itino wavefunction ψ or ψ˜. We will make use of four identities, ignoring the longitudinal
polarizations, that follow from (3.3). Firstly,
−ψISSγIJηkJ = ψIηRIJkJ − 3ψIγLηRILMkM . (3.27)
Secondly,
−ψ˜IγPSSγIJηX˙PkJe−ik·X =− (ψ˜IγLη − ψ˜LγIη)X˙IRLMkMe−ik·X − ψ˜LγMηk−p+RLMe−ik·X
+
3
2
(ψ˜Iγ
LMηkNe
−ik·X − 2ψ˜LγIMηkN )X˙IRLMNe−ik·X
− 3
2
ψ˜Lγ
MNηk−p+RLMNe−ik·X + 3ψ˜LηkM X˙NRLMNe−ik·X
+
d
dτ
{(
iψ˜Lγ
MηRLM + 3
2
iψ˜Lγ
MNηRLMN)e−ik·X}.
(3.28)
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The third Fierz identity that we shall use is
ψ˜Iγ
LSηγLMSRIJkJkM = 5
2
ψ˜Iγ
LηRIJRLMkJkM − 9
4
ψ˜Iγ
LMηkNRIJRLMNkJ , (3.29)
while the fourth is
ψ˜Lγ
ISSγLMηRIJkJkM =− 3
2
(
ψ˜Iγ
LMηkN − 2ψ˜LγIMηkN
)RLMNRIJkJ
+ 3 ψ˜LηkNRLMNRMJkJ .
(3.30)
Substituting these identities into (3.26) gives
δVψ = ψ˜(IγJ)η(X˙
IX˙J − 2X˙IRJMkM + 2RILRJMkLkM )e−ik·X
+
3
2
(
ψ˜Iγ
LMηkN − 2ψ˜LγIMηkN
)
X˙IRLMNe−ik·X + d
dτ
(3
2
iψ˜Lγ
MNηRLMNe−ik·X)
− (5
3
ψ˜Iγ
LMηkN − 4
3
ψ˜Lγ
IMηkN
)RLMNRIJkJe−ik·X
+ δV ′,
(3.31)
where δV ′ denotes terms which contain non-transverse polarizations.
The first line of (3.31) is the graviton vertex operator (3.4) with a polarization tensor
δhIJ (η) which was defined in (2.26). The terms in the second and third lines of (3.31)
have the right form to reproduce the three-form potential vertex operator (3.9) as follows.
Firstly using (3.27) and (3.28),
(ψ˜IγLMηkN−2ψ˜LγIMηkN )X˙IRLMNe−ik·X
= 4ψ˜[IγLMηkN ]X˙
IRLMNe−ik·X − i d
dτ
(ψ˜LγMNηRLMNe−ik·X)
(3.32)
Furthermore, using (3.29) and (3.30), the terms in the third line of (3.31) can be written
as
−(5
3
ψ˜IγLMηkN−4
3
ψ˜LγIMηkN
)RLMNRIJkJe−ik·X = −4ψ˜[IγLMηkN ]RLMNRIJkJe−ik·X .
(3.33)
The terms in the second and third lines of (3.31) therefore combine into
4× 3
2
ψ˜[IγLMηkN ]
(
X˙I − 2
3
RIJkJ
)RLMNe−ik·X , (3.34)
which is the C(3) vertex operator evaluated with the supersymmetry transformed wave-
function.
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3.6. Linear supersymmetry on the three-form potential vertex
The structure of the three-form pontential vertex operator has already been deter-
mined from the linear supersymmetry transformation of the gravitino vertex but an addi-
tional check is given by the linear supersymmetry transformation of the C(3) vertex. Given
the expression for UC(3) in (3.9) this vertex can be written as
VC(3) = FILMN
(
X˙I − 2
3
RIJkJ
)RLMNe−ik·X
= −3kLC(3)IMN
(
X˙I − 2
3
RIJkJ
)RLMNe−ik·X + (total derivative) . (3.35)
In the following we will drop the total derivative term, although this is an important
contribution to contact interactions. The linear supersymmetry transformation of (3.35)
gives
δUC(3) = −
√
p+
2
kLC
(3)
IMNηγ
LMNS(X˙I − 2
3
RIJkJ
)
+
√
p+
12
kJkLC
(3)
IMNηγ
IJSSγLMNS
(3.36)
Using the following Fierz identity,
kJkLC
(3)
IMNηγ
IJSSγLMNS = kJkLC(3)IMN
(
ηγLMNSSγIJS+ 1
3
SγLMNIP ηSγPJS) (3.37)
(3.36) can be written as
δUC(3) = −2
√
p+kLC
(3)
IMN
(1
4
ηγLMNSX˙I − 1
3
ηγLMNSRIJkJ + 1
18
ηγLMNIPSRPJkJ
)
.
(3.38)
It is easy to check that this expression is equal to the part of Uψ(δψ) which depends on
C(3). Therefore, δUC(3) is consistent with the expected supersymmetry transformation
(3.19) (ignoring the total derivatives).
4. Dimensional reduction on S1
Type IIA supergravity arises by dimensional reduction of eleven dimensional super-
gravity on a circle [16] so that compactification of the vertex operators on a circle of radius
R11 should coincide with the vertex operators of type IIA supergravity. For simplicity, we
will set the momentum in the eleventh dimension to zero so that k11 = 0. The case of non-
zero k11 describes interactions of D-particles. In making this reduction we will decompose
SO(9) spinors into their SO(8) components so that
SA = (Sa, S˜a˙), (4.1)
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where a, a˙ label the two inequivalent SO(8) spinors (a, a˙ = 1, . . . , 8) and {Sa, Sb} =
δab,{Sa˙, S b˙} = δa˙b˙. The 16×16 SO(9) gamma matrices decompose into the standard 8×8
matrices, γi
ab˙
and γia˙b, in the following manner,
γI =
(
0 γi
γi 0
)
, (4.2)
for I = 1, . . . , 8, and
γ11 ≡
8∏
I=1
γI =
(
1 0
0 −1
)
. (4.3)
The following identities hold when I, J,K = 1, . . . , 8,
Rij = 1
4
SγijS +
1
4
S˜γijS˜, Rijk = 1
6
SγijkS˜, (4.4)
where i, j, k are SO(8) vector indices, while if one of the transverse vector indices is in the
eleventh direction we have
Rij 11 = 1
12
SγijS − 1
12
S˜γijS˜,
Ri 11 = 1
4
S˜γiS − 1
4
SγiS˜ =
1
2
S˜γiS.
(4.5)
The eleven-dimensional Fierz transformation, (3.3), gives the following well-known ten-
dimensional relations,
SaSb =
1
2
δab +
1
16
γabij Sγ
ijS, S˜a˙S˜ b˙ =
1
2
δa˙b˙ +
1
16
γ a˙b˙ij S˜γ
ijS˜. (4.6)
To begin with we will review how the IIA supergravity vertices arise from the point-particle
limit of those of the IIA superstring.
4.1. Point particle limit of the IIA superstring vertices
The vertex operator for any massless field, Φ, in IIA superstring theory has the form,
V
(IIA)
Φ = U
(IIA)
Φ e
−ik·X , (4.7)
where
U
(IIA)
Φ = ζ
Φ
ABOAO˜B, (4.8)
and ζΦAB is the on-shell wavefunction for Φ which is either a second-rank tensor, a spinor-
vector or a bi-spinor — A and B may either be vector or spinor labels. The prefactor is
correspondingly a product of left-moving and right-moving bosonic or fermionic operators.
In the light-cone gauge these are classified into SO(8) representations.
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The left-moving and right-moving bosonic operators are either transverse vectors,
Bi = ∂X i − 1
2
SγilSkl , B˜i = ∂¯X i − 1
2
S˜γilS˜kl (4.9)
where i = 1, . . . , 8, or singlets,
B+ = B˜+ = p+. (4.10)
The left-moving fermionic prefactor has two pieces corresponding to the two inequivalent
SO(8) spinors,
Fa =
√
p+Sa , F a˙ = 1√
p+
(γ · ∂XS)a˙ − 1
6
√
p+
: (γlS)a˙SγlmS : km, (4.11)
while the pieces of the right-moving fermion prefactor are
F˜ a˙ =
√
p+S˜a˙ , F˜a = 1√
p+
(γ · ∂¯XS˜)a − 1
6
√
p+
: (γlS˜)aS˜γlmS˜ : km. (4.12)
In these expressions ∂X ≡ (∂τ + i∂σ)X , ∂¯X ≡ (∂τ − i∂σ)X and {S˜a˙, Sb} = 0. The point-
particle limit of IIA string theory is simply obtained by dropping all the σ dependence of
the variables so that
∂X i = ∂¯X i = X˙ i, (4.13)
and only the zero modes of S and S˜ are retained.
The tensor wavefunctions ζij, ζ
−
i and ζ
−− describe the massless bosonic fields in the
NS ⊗ NS sector while the bispinors ζab , ζa˙b˙ , ζa˙b and ζab˙ describe the massless bosons of
the R⊗R sector (where the first index labels the left-movers and the second index labels
the right-movers). Using the physical state conditions the latter can be written as,
ζab = Fijγ
ij
ab + Fijklγ
ijkl
ab , ζa˙b˙ = Fijγ
ij
a˙b˙
+ Fijklγ
ijkl
a˙b˙
ζab˙ = F
−
i γ
i
ab˙
+ F −ijk γ
ijk
ab˙
, ζa˙b = F
−
i γ
i
a˙b + F
−
ijk γ
ijk
a˙b ,
(4.14)
where F −i = kiC
(1)− − k−C(1)i , Fij = 2k[iC(1)j] and F +i = 0 while F −ijk and Fijkl are
defined similarly in terms of C(3). The fermions are described by the spinor-vectors ζia,
ζia˙, ζ
−
a and ζ
−
a˙ .
4.2. Reduction of the graviton vertex operator
The reduction of the eleven-dimensional graviton vertex operator (3.4) on a circle gives
rise to the vertex operators of the graviton (h), dilaton (φ) and one-form gauge potential
(C(1)) in IIA supergravity theory. For simplicity, we will here consider only the transverse
parts of the vertex operators.
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The covariant relation between the eleven-dimensional M-theory metric and the ten-
dimensional IIA metric in the string frame is given by the ansatz [2] (setting the R ⊗ R
vector field to zero),
Gµˆνˆdx
µˆdxνˆ = e4/3φ(dx11)
2 + e−2/3φgIIAµν dx
µdxν (4.15)
from which the corresponding metric fluctuations are related by
hµν = h
IIA
µν −
2
3
φ ηµν , h1111 =
4
3
φ, (4.16)
where µ, ν = 0, 1, · · · , 9. However, we want to compare the ten-dimensional and eleven-
dimensional theories in their respective light-cone gauges. In particular, setting h+− = 0
in (4.16) leads to
hIIA+− = −
2
3
φ = −1
2
h1111, (4.17)
while the usual ten-dimensional light-cone gauge condition in the type IIA theory sets
hIIA+− = 0. This means that in order to compare with the usual light-cone vertices of the
IIA theory it is necessary to perform a gauge transformation in order to transform away
the component hIIA+− after the identification (4.16) is made. But the condition h
IIA
+− = 0 can
obviously only be compatible with the eleven-dimensional condition h+− = 0 by relaxing
the tracelessness condition, hII = h
i
i + h11 11 = 0. As remarked earlier, in the kinematic
regime k+ = 0 this tracelessness condition is not a necessary consequence of the choice of
light-cone gauge, and we will choose the very convenient alternative constraint
h11 11 = 0. (4.18)
Upon dimensional reduction the ten-dimensional graviton and dilaton vertex operators
are both contained in
U10h =hij
(
X˙ i − 1
2
SγilSkl
)(
X˙j − 1
2
S˜γjmS˜km
)
+
1
8
h1111Sγ
ilSS˜γimS˜klkm
− 1
24
(
kphpl − 1
2
klh
p
p
)(
SγilSSγimS + S˜γilS˜S˜γimS˜
)
km
=hij
(
X˙ i − 1
2
SγilSkl
)(
X˙j − 1
2
S˜γjmS˜km
)
+
1
8
h1111
(
SγilSS˜γimS˜ − 1
6
SγilSSγimS − 1
6
S˜γilS˜S˜γimS˜
)
klkm
(4.19)
where the light-cone de Donder gauge condition (the first condition in (2.16)) has been
used. Substituting (4.16) and (4.17) in (4.19) gives the string-frame expression,
U IIAh =h
IIA
ij
(
X˙ i − 1
2
SγilSkl
)(
X˙j − 1
2
S˜γjmS˜km
)
+ hIIA+−
{
X˙ iX˙i − 1
2
X˙i(Sγ
ilS + S˜γilS˜)kl +
1
24
(SγilSSγmi S + S˜γ
ilS˜S˜γmi S˜)klkm
}
.
(4.20)
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It is easy to see that the terms in the first line of (4.20) have the form of the point-particle
limit of the IIA graviton vertex operator. The dilaton vertex can be identified as the
trace part of the hIIAij vertex. The presence of the term with polarization tensor h
IIA
+− is
simply a reflection of the fact that the unphysical hIIA+− polarization (4.17) is generated by
the dimensional reduction (4.15) in the light-cone gauge. Therefore, the condition (4.18)
h1111 = 0 is exactly what is needed to remove the redundant terms in (4.20) and obtain
the IIA graviton and dilaton vertex operators.
The vertex operator of the one-form gauge potential of the IIA theory is obtained
from the graviton vertex operator by the identification h11µ = C
(1)
µ . Taking one of the
indices in (3.4) and (3.5) to be 11 gives
U10C(1) = hi 11
[− X˙ iSγjS˜kj + 1
4
(SγilS + S˜γilS˜)SγjS˜ klkj
]
= −kjhi 11
[
SγjS˜X˙ i − 1
24
(SγjiγlS˜S˜γlmS˜ − S˜γjiγlSSγlmS )km
] (4.21)
where the Fierz identity for SO(8) spinors
ζiS˜γmSSγilSklkm = −1
6
ζiS˜γilγpSSγpqSklkq (4.22)
has been used. This coincides with the expression for the one-form vertex operator of the
IIA theory up to a total derivative which is irrelevant here.
4.3. Reduction of the gravitino vertex operator
The eleven-dimensional gravitino Ψµˆ decomposes into two ten-dimensional Majorana-
Weyl spinor-vectors ΨLµ, ΨRµ,
ΨLµ =
1
2
(1 + Γ11)Ψµ, ΨRµ =
1
2
(1− Γ11)Ψµ (4.23)
where the subscripts L, R correspond to the two chiralities which are correlated in IIA
string theory with the left and right directions on the worldsheet.
Upon compactification, the above decomposition is accompanied with a shift of the
eleven-dimensional gravitino which is given by the covariant relation,
Ψµ = Ψ
IIA
µ −
1
2
ΓµΓ11Ψ11, (4.24)
where ΨIIAµ is the gravitino wavefunction in the IIA string frame. Given the eleven-
dimensional light-cone gauge condition, Ψ+ = 0, the type IIA theory has nonvanishing
Ψ+IIA proportional to Ψ11. This is analogous to the earlier discussion in which we saw
that in general hIIA+− 6= 0 when h+− = 0. Just as this was remedied by making the choice
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h11 11 = 0 as a metric constraint, it is convenient to make the choice Ψ11 = 0 as an alter-
native to the eleven-dimensional gamma-tracelessness condition in (2.14). In this way the
supersymmetry transformations of section 3 still work with the trace part of the graviton
vertex mapped to the gamma-trace part of the gravitino vertex.
The physical state conditions for the gravitino are then
kµˆkµˆ = 0, k
µˆΨµˆ = 0, k · ΓΨµˆ = kµˆΓ ·Ψ, Ψ11 = 0 (4.25)
which can be rewritten as, in the light-cone gauge with k+ = 0,
kIkI = 0, k
IψI(ψ˜I) = 0, ψ11 = 0 = ψ˜11
kIγIψ˜µˆ = kµˆγ
Iψ˜I , k
IγIψµˆ − kµˆγIψI =
√
2(k−ψ˜µˆ − kµˆψ˜−).
(4.26)
The light-cone components of the spinors, (4.23) , are obtained as before by projecting
with P±,
ψaL i = (P
+ΨL i)
a, ψ˜a˙L i = (P
−ΨL i)
a˙, ψa˙R i = (P
+ΨR i)
a˙, ψ˜aR i = (P
−ΨR i)
a. (4.27)
Without loss of generality, we will consider only the left-handed gravitino, ΨLµ. The
transverse part of the dimensional reduction of the gravitino vertex operator, (3.7), gives
U10ψL =
√
p+ψiS(X˙
i − 1
2
S˜γijS˜kj) +
1√
p+
ψ˜i(γ · X˙S − 1
6
γlSSγ
lmkm)(X˙
i − 1
2
S˜γijS˜kj)
− 1
2
√
p+ψiSSγ
ijkj − 1
9
√
p+
ψ˜iS˜S˜γ
ijS˜SγmS˜kjkm
+
1
18
√
p+
ψ˜iγlS(Sγ
ijSSγlmS + S˜γijS˜S˜γlmS˜)kjkm
(4.28)
where the subscript L has been omitted and the following Fierz,
ψ˜iγjSSγilSkl =
1
3
ψ˜jγiSSγilSkl , (4.29)
has been used which can be derived using (4.6). The terms in the first line of (4.28) are
apparently the vertex operator for the spin-3/2 states in the point-particle limit of IIA
string theory from which the gamma-trace part can be separated as the dilatino vertex
operator. It would, then, be expected that the remaining terms in (4.28) should vanish.
Indeed, using the physical state conditions, (4.26), and the ten-dimensional Fierz, (4.6), it
can be shown that these terms vanish up to total derivative terms.
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4.4. Reduction of the three-form potential vertex operator
The eleven-dimensional three-form potential gives rise to both the NS⊗NS two-form,
Bµν , and the R⊗R three-form potential in ten dimensions. The components of (3.9) with
one index in the eleventh direction results in the NS⊗NS two-form vertex operator upon
compactification,
U10B =
1
2
F11lmn
[− 2
3
R11jRlmnkj − 3
(
X˙ l − 2
3
Rljkj
)Rmn11]
=− 1
4
F11lmn
[
X˙ l
(
SγmnS − S˜γmnS˜)+ 1
3
SγljSS˜γmnS˜kj − 1
6
SγmnSS˜γljS˜kj
]
(4.30)
where use has been made of (4.4), (4.5) and the Fierz identity
kjF11lmnSγ
jS˜S˜γlmnS =
3
4
kjF11lmnSγ
jlSS˜γmnS˜. (4.31)
Up to a total derivative (4.30) can be written as
U10B =
1
2
C
(3)
11lm
[
X˙ l
(
SγmnS − S˜γmnS˜)kn + 1
2
SγljSS˜γmnS˜kjkn
]
. (4.32)
Using the identification C
(3)
11lm = Blm this expression coincides with the the point particle
limit of the IIA NS ⊗NStwo-form vertex.
The R⊗R three-form potential vertex is obtained by taking all the indices of (3.9) to
be in the transverse SO(8)
U10C(3) =
1
6
Filmn
(
X˙ i − 1
6
SγijSkj − 1
6
S˜γijS˜kj
)
SγlmnS˜ . (4.33)
After a few manipulations this is seen to be equivalent to the vertex of IIA supergravity,
U IIAC(3) = Filmn
[
SγilmnγpS˜
(
X˙p − 1
6
S˜γpqS˜kq
)
+ S˜γilmnγpS
(
X˙p − 1
6
SγpqSkq
) ]
(4.34)
The superscript IIA indicates that the vertex is that of IIA supergravity (while the su-
perscript 10 in (4.33) means the vertex is obtained from dimensional reduction of the
appropriate eleven-dimensional vertex).
5. One-loop amplitudes in the light-cone gauge
In this section the first-quantized description of the eleven-dimensional theory de-
veloped in the previous sections will be applied to the calculation of one-loop Feynman
diagrams by integrating over the world-lines of the circulating particles. This will fill in
some of the details of the calculations of the R4 and λ16 effective interactions of the type
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IIB theory outlined in [3] and [4]. In addition other interactions of the same dimension are
obtained from one-loop processes in the eleven-dimensional theory.
The world-line path integral for the one-loop n particle scattering amplitude in eleven
dimensional supergravity is given by
An =
∫
dT
T
∫
DX
∫
DSe−
∫
T
0
dt( 12 X˙
2+iSS˙)
n∏
r=1
(∫
dt(r)V (r)(t(r))
)
, (5.1)
where the vertex operators representing the emission of on-shell particles were defined
in section 3. The one-loop amplitude of eleven-dimensional supergravity compactified to
(11− d) dimensions on a d-torus, T d, can be written as
A(d)n =
1
Vd
∫
dT
T
∫
d11−dp
∑
{lI}
e−T (p
2+G(d)IJ lI lJ )Tr
〈
n∏
r=1
( ∫
dt(r)V (r)(t(r))
)〉
, (5.2)
where G
(d)
IJ is the metric on T
d, lI are the Kaluza-Klein momenta, Vd is the volume of the
torus T d and p is the loop momentum transverse to the compact directions. The overall
factor 1/Vd is the measure for the summation over the Kaluza-Klein momenta and the
trace in (5.2) is taken over the fermionic modes SA. The brackets denote the path ordered
expectation value of the vertex operators evaluated with the following Green functions
involving the fluctuating quantum fields.
〈X i(t)Xj(t′)〉 =δijGB(t, t′) = δij
( |t− t′|
2
+
(t− t′)2
2T
)
〈SA(t)SB(t′)〉 =δABGF (t, t′) = δAB
(1
2
sgn(t− t′)− t− t
′
T
)
.
(5.3)
The universal momentum factors of e−ikX in the vertex operators give contributions to
the expectation value of the form
〈
∏
e−ikiX(ti)〉 = e−
∑
i 6=j
kikjGB(ti,tj). (5.4)
In the following example we will only be interested in the leading terms in the low en-
ergy expansion, which means that only the loop amplitude with the lowest number of
momenta needs to be considered. Hence the contribution (5.4) can be replaced by 1 in
this approximation.
The SO(9) fermionic spinor operator S can be expressed in terms of eight creation and
eight annihilation operators which span the space of 256 polarizations of the supergraviton.
The only nonzero contributions come from traces with at least sixteen insertions of the
operator SA. We shall focus on a ‘protected’ class of amplitudes where the path integral
over the fermionic world-line variables in which the vertex operators introduce precisely
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sixteen fermionic zero modes. For this special class of amplitudes there are no contractions
involving the Green functions (5.3). The bosonic vertex operators (3.4)–(3.10) contain the
two bilinears,
RLMN = 1
12
SγLMNS, RIL = 1
4
SγILS . (5.5)
The sixteen factors of SA in the trace are provided by the eight R’s in any of the protected
one-loop amplitudes with external bosons. The trace of sixteen SA is given by
Tr
(SA1 · · · SA16) = ǫA1···A16 , (5.6)
from which it is easy to deduce the tensors that arise from matrix elements of the various
different combinations of RLMN and RIL. For example, the tensor t16 defined by the trace
involving eight RIL is defined by
tI1I2···I1616 = ǫ
A1···A16γI1I2A1A2γ
I3I4
A3A4
· · ·γI15I16A15A16 . (5.7)
Nontrivial relations between the various tensors can be found using Fierz transformations.
Amplitudes with external fermions also contain the trace of sixteen factors of SA which
can be arranged by Fierz tranformations into the trace of products of eight bilinears of the
form (5.5).
We therefore see that for the protected processes the trace over the SA’s simply
produces a kinematic factor. The leading term in the low energy expansion of the amplitude
can then be obtained by setting the external momenta to zero in the integrand which makes
the integration over the proper times t(r) trivial, simply giving a power Tn in the integrand.
The resulting expression for the leading term in the low energy expansion of (5.2) for a
protected process with n external states has the form
A(d)n =
1
Vd K˜n
∫ ∞
0
dT
T
Tn+d/2−11/2
∑
{lI}
eG
(d)IJ lI lJF (G(d)IJ , lI) (5.8)
where K˜n is the kinematic factor for a specific scattering amplitude depending on particle
species and F (G(d)IJ , lI) is a generic function of the torus metric and the Kaluza-Klein mo-
mentum. The extra factor of T d/2−11/2 comes from the integration over the non-compact
loop momentum p.
An important feature of the protected class of loop amplitudes that we are considering
is that the contractions between the vertex operators does not generate any factors of the
Green functions (5.3), which have short distance singularities. The only contractions are
between factors of eik·X . This feature is directly related to the fact that the contact
interactions that are present in the complete theory do not, in fact, contribute to these
particular processes. This justifies the fact that we have ignored such interactions.
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5.1. Compactification on a circle
We will now review the way in which one-loop calculations in compactified eleven-
dimensional supergravity compare with known results from string theory. The simplest
case is that of compactification on a circle which is equivalent to IIA string theory in ten
dimensions [2]. for simplicity only four-point functions involving four bosonic fields in the
NS ⊗NS sector (the graviton, dilaton and two-form potential) will be considered.
The dimensionally-reduced vertex operators of relevance are given by (4.19) for the
graviton and (4.32) for the two-form potential. A non-vanishing trace over the fermionic
zero modes only arises from the part of the vertices of order S2S˜2 which are given by
Vh =
1
4
hijkkklSγ
ikSS˜γjlS˜, VB =
1
4
BijkkklSγ
ikSS˜γjlS˜. (5.9)
In [3] the four-graviton one-loop amplitude in M-theory compactified on S1 was calculated
and it reproduced the well-known tree and one loop terms,
A
(1)
R4 = CK˜ + 2K˜
∫ ∞
0
dτˆ τˆ1/2
∑
lˆ1>0
e−πτˆ lˆ
2
1R
2
11 = CK˜ + K˜ζ(3)
1
R311
. (5.10)
The value of the constant C = 2π2/3 can be determined by connecting it, via T-duality
on a further circle, with the IIB theory. Using the relation R11 = g
2/3
s (where gs is the
type IIA string coupling) the first term on the right-hand side of (5.10) is interpreted as a
one-loop term in type IIA string theory whereas the second term corresponds to a tree-level
string theory term.
The kinematic factor K˜ takes the form,
K˜ = ti1···i8tj1···j8R¯
j1j2
i1i2
· · · R¯j7j8i7i8 (5.11)
where the tensor ti1···i8(in = 1, · · · , 8) is defined in [17] and the linearized Riemann tensor
is replaced by a generalized tensor which also contains the two-form potential and the
dilaton,
R¯i1i2j1j2 = ki1kj1(hi2j2 +Bi2j2 −
1
4
δi2j2φ). (5.12)
This is the tensor that can be obtained from the four-point tree-level amplitude of type II
string theories including the NS ⊗NS two-form potential and the dilaton [18].
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5.2. Compactification on a two torus and type IIB string theory
The compactification of eleven-dimensional supergravity on a two dimensional torus
T 2 of volume V2 = R8R11(in the M-theory frame) and complex structure Ω is related to
the IIB string theory compactified on a circle of circumference rB(in the string frame)
[19], where the complex structure is identified as the modulus, τB , of IIB string theory.
The SL(2, Z) self-duality of IIB string theory is identified with the invariance of M-theory
under the group of large diffeomorphisms of T 2.
The correspondence between the parameters of the two theories is [19]
Ω = τB(≡ C(0) + ie−φB ), rB = V−3/42 Ω−1/42 = R−18 R−1/211 (5.13)
where C(0), φB are the IIB R⊗R scalar and dilaton, respectively, and Ω ≡ Ω1 + iΩ2. The
metric on the torus is given by
G
(2)
ij =
V2
Ω2
( |Ω|2 Ω1
Ω1 1
)
, i, j = 8, 11. (5.14)
The zweibein in a special Lorentz gauge can be written as
eai =
√V2
Ω2
(
Ω2 Ω1
0 1
)
(5.15)
where i, a(= 1, 2) denote the two-dimensional world and tangent space indices respectively.
The zweibein parameterizes the coset SL(2, R)/U(1) where the SL(2, R) acts by matrix
multiplication from the left and the local U(1) acts from the right which can be used
to fix the gauge (5.15). Fixing the local U(1) symmetry leads to the standard nonlinear
realization of the SL(2, R) transformation acting on the complex structure Ω,
Ω→ aΩ+ b
cΩ+ d
(5.16)
where the coefficients are integers and satisfy ad − bc = 1. It is convenient to go to a
complex basis in the tangent space, z = x1 + ix2, z¯ = x1 − ix2 in which the zweibein now
reads
eai = i
√V2
Ω2
(
Ω¯ −Ω
1 −1
)
, a = z, z¯ (5.17)
and the inverse zweibein is
eia =
1
2
√V2Ω2
(
1 −Ω
1 −Ω¯
)
, a = z, z¯ . (5.18)
We will begin by reviewing the one-loop calculations of four-graviton [3] and sixteen-
fermion [4] scattering amplitudes. Amplitudes that involve C(3) will also be calculated and
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may be of interest in relation to the matrix theory calculation of the three-form potential
scattering amplitudes [20]. Applying (5.2) to the case of the two torus compactification,
the four-graviton one-loop amplitude [3] can be written as
A
(2)
R4 =
1
V2 K˜R
4
∑
m,n
∫ ∞
0
dT
T 3/2
e−T |m+nΩ|
2/V2Ω2 (5.19)
where the kinematic factor K˜R4 is (5.11) with the two-form pontetial and the dilaton set to
zero. A double Poisson resummation turns the sum over the Kaluza-Klein charges (m,n)
into a sum over the windings (mˆ, nˆ) of the loop around the two cycles of T 2 and (5.19)
can be expressed as
V2A(2)R4 =
2π2
3
K˜V2 + K˜V−1/22 f (0,0)(Ω, Ω¯) (5.20)
where f (0,0)(Ω, Ω¯) is the SL(2, Z)-invariant nonholomorphic modular function,
f (0,0)(Ω, Ω¯) =
∑
(mˆ,nˆ)6=(0,0)
Ω
3/2
2
|mˆ+ nˆΩ|3 . (5.21)
The R4 term conserves the U(1) charge of classical IIB supergravity and in the decom-
pactification limit V2 → ∞ the first term in (5.20) gives a finite R4 interaction in the
eleven-dimensional theory. Other IIB four-point bosonic amplitudes which conserve the
U(1) charge and share the structure (5.20) have kinematic factors that can be schematically
written as3
(∂Fˆ5)
4 + (∂G∂G∗)2 + (∂P∂P ∗)2 +R2(∂G∂G∗ + ∂P∂P ∗) + ∂P∂P ∗∂G∂G∗ + · · · , (5.22)
where the ellipses denote additional mixed terms. Here Fˆ5 is the self-dual five-form field
strength and G is a complex linear combination of the NS ⊗ NS and R ⊗ R three-form
field strengths given by
G =
1√
2τ2
(dC(2) − τdB), (5.23)
while the Maurer-Cartan form is given by,
Pµ =
i
2
∂µτ
τ2
. (5.24)
The fields Fˆ5, G and P have U(1) charges zero, one and two, respectively, while the complex
conjugate quantities, denoted G∗ and P ∗, have U(1) charges of the opposite sign.
Such terms can be systematically described in linearized IIB superspace in terms of a
constrained scalar superfield, Φ(x, θ), where θ is a sixteen-component complex Grassmann
3 Such terms were also discussed in [21]
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coordinate that transforms as a Weyl spinor of SO(9, 1). After imposing the appropriate
constraints Φ has the expansion [22],
Φ = τ0 +∆, (5.25)
where τ0 is the constant value of the complex scalar field and ∆ is the fluctuation defined
by
∆ =(τ − τ0) + iθ¯∗λ+ θ¯∗ΓµνρθGµνρ + iθ¯∗Γµνρθθ¯∗Γµ∂νψρ + θ¯∗Γµνηθθ¯∗Γ ρση θRµνρσ
+ θ¯∗Γµνρθθ¯∗Γσηωθ∂µ(Fˆ5)νρσηω + θ
5∂2ψ∗µ + θ¯
∗γµνρθθ¯∗γσθθ¯∗γωθ(∂σ∂ωG
∗
µνρ)
+ θ7∂3λ∗ + θ8∂4τ∗
(5.26)
where λ, ψµ are the dilatino and the gravitino, respectively. The terms of order θ
5 and
higher have been written schematically (except the term of order θ6 which will be used
later). The linearized interactions of the component fields in the limit of weak coupling
(τ0 →∞) are contained in [4]
S = (α′)3Re
∫
d10xd16θF [Φ]. (5.27)
The component interactions are obtained by Taylor expanding F in powers of ∆ followed
by integration over the 16 Grassmann parameters. Of course, this expression does not
capture the modular properties of the complete nonlinear interactions.
The R4 term occurs at order ∆4 together with the terms in (5.22). For example,
(∂G∂G∗)2 is obtained by combining two powers of each of the θ2 and θ6 terms. The
Grassmann integration generates the pattern of contractions between the tensor fields.
The terms in (5.22) also arise naturally from the eleven-dimensional perspective with
appropriate identifications of the polarization tensors as will be seen shortly.
The sixteen-dilatino term λ16 has U(1) charge 24. This interaction was obtained in
[4] by a covariant argument using the fact that the zero-momentum eleven-dimensional
gravitino vertex can be expressed in terms of the eleven-dimensional supercharge. The
same result can be obtained using the light-cone gauge gravitino vertex operator (3.7).
The only contributions come from factors in which there are eight vertices from each of
the ψI and ψ˜I terms in (3.7). This follows from the fact that only terms with no net power
of p+ contribute to the momentum integral. Furthermore, there must be a total of sixteen
powers of S so that the only terms in the vertex (3.7) that contribute to the amplitude are
Uψ =
√
p+ψISX˙I , Uψ˜ =
1√
p+
ψ˜Iγ · X˙SX˙I . (5.28)
The complex dilatino field λ is a ten-dimensional Weyl spinor that is identified with a
particular polarization state of the eleven-dimensional gravitino compactified on T 2 so its
25
vertex operator follows simply from (5.28) [4]. The amplitude can then be obtained in much
the same way as for the four-graviton case using (5.2). The significant new feature is the
presence of a complex function of the Kaluza-Klein momentum in front of the exponential,
V2Aλ16 = K˜λ16
∑
m,n
∫
dT
T
T 23/2
( 1√V2Ω2 (m+ nΩ¯)
)24
e−T |m+nΩ|
2/V2Ω2
= K˜λ16V−1/22 f (12,−12)(Ω, Ω¯).
(5.29)
The kinematic factor is K˜λ16 is proportional to ǫ
A1A2...A16λA1λA2 . . . λA16 and f
(12,−12) is
a modular form of weight (12,−12) that is given by
f (12,−12)(Ω, Ω¯) =
Γ(27/2)
Γ(3/2)
∑
(mˆ,nˆ)6=(0,0)
Ω
3/2
2
(mˆ+ nˆΩ¯)24
|mˆ+ nˆΩ|27 . (5.30)
In contrast to the U(1) charge conserving amplitudes considered before, the λ16 term
violates 24 units of U(1) charge and is not present in the eleven-dimensional theory. This
is seen explicitly from (5.29) which vanishes in the eleven-dimensional limit V → ∞, while it
survives in the ten-dimensional IIB limit. This is true for all the other U(1) charge violating
terms. In [23] the explicit form of (5.30) was derived from space-time supersymmetry and
SL(2, Z) invariance of IIB string theory alone.
In [4] the scalar field strength Pµ (5.24) of IIB supergravity was identified with the
component ωzµz of the spin connection of eleven dimensional supergravity on T
2 which
can be written as
ωzµz =
1
2
eize
j
z∂µhij , (5.31)
where i, j = 8, 11 and P ∗µ corresponds to ωz¯µz¯ . The one-loop amplitude that generates the
interaction (∂P∂P ∗)2 in (5.22) gets contributions from the factors RzlRzm and Rz¯lRz¯m
in the graviton vertex operator, (3.4).
We will now consider the vertex operators for the three-form potential C(3) which
reduce, upon compactification on a torus, to the IIB two-form potentials and four-form
potential C(4). The correspondence is given by
C(3)µνρ = C
(4)
µνρ8, C
(3)
µν11 = Bµν , C
(3)
µν8 = C
(2)
µν (5.32)
where µ, ν, ρ are SO(8, 1) indices. Therefore, in terms of the M-theory parameters, the
complex three-form field strength G (5.23) can be written as
k[ρC
(3)
µν]z =
1
2
√V2Ω2
(k[ρC
(3)
µν]8 − Ωk[ρC
(3)
µν]11) (5.33)
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and G∗ is identified with k[ρC
(3)
µν]z¯. The transverse part of the C
(3) vertex operator (3.9)
gives the vertex for transverse components of the IIB self-dual five-form field strength
VFˆ5 = k[iC
(3)
lmn]
(
pi +
2
3
Rijkj
)Rlmne−ik·X (5.34)
and those for the polarization (5.33) and its complex conjugate are given by
VG = k[lC
(3)
mn]z
(
pz¯ +
2
3
Rzjkj
)Rlmne−ik·X , VG∗ = k[lC(3)mn]z¯ (pz + 23Rz¯jkj)Rlmne−ik·X
(5.35)
where i, j, l,m, n are SO(7) vector indices.
We will now discuss ‘protected’ interaction terms that include the antisymmetric ten-
sor C3 field associated with the vertices (5.33) and (5.34). There are two amplitudes that
only involve G and G∗ with nozero U(1) weight namely G8 and G5∂2G∗. It is easy to see
that in the calculation of the G8 amplitude saturating the fermionic modes picks out the
pz¯Rlmn term of each the vertex VG in (5.35). For the G5∂2G∗ amplitude a combination of
four factors of the pz¯Rlmn term in VG, one factor of the RzjRlmnkj term in VG, and one
from the Rz¯jRlmnkj term in VG∗ is required. These amplitudes can be calculated in the
same way as the λ16 term and result in effective interactions of the form f (4,−4)G8 and
f (2,−2)G5∂2G∗, where
f (4,−4)(Ω, Ω¯) =
Γ(11/2)
Γ(3/2)
∑
(mˆ,nˆ)6=(0,0)
Ω
3/2
2
(mˆ+ nˆΩ¯)8
|mˆ+ nˆΩ|11 ,
f (2,−2)(Ω, Ω¯) =
Γ(7/2)
Γ(3/2)
∑
(mˆ,nˆ)6=(0,0)
Ω
3/2
2
(mˆ+ nˆΩ¯)4
|mˆ+ nˆΩ|7 .
(5.36)
The transformation properties of the fields and the generalized modular functions in (5.36)
lead to the expected SL(2, Z)-invariant interactions in the IIB theory.
More generally, the exact expression for all the protected IIB higher-derivative inter-
actions that follow from the expansion of (5.27) can be deduced by considering the appro-
priate decompactification limit of one-loop amplitudes in compactified eleven-dimensional
supergravity. The resulting interactions are proportional to∫
d10x
√
g e−φ
B/2 f (w,−w)(τ, τ¯)P(2w), (5.37)
where P(2w) denotes an interaction between a set of fields with net U(1) charge 2w and
f (w,−w)(τ, τ¯) =
Γ(w + 3/2)
Γ(3/2)
∑
(mˆ,nˆ)6=(0,0)
Ω
3/2
2
(mˆ+ nˆΩ¯)2w
|mˆ+ nˆΩ|2w+3 for w ≥ 0
f (w,−w)(τ, τ¯) =
Γ(|w|+ 3/2)
Γ(3/2)
∑
(mˆ,nˆ)6=(0,0)
Ω
3/2
2
(mˆ+ nˆΩ)2|w|
|mˆ+ nˆΩ|2|w|+3 for w ≤ 0.
(5.38)
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Another interesting IIB amplitude which can be obtained in this way is the amplitude
involving four self-dual five-form fields Fˆ5. The eleven dimensional vertex (5.34) gives the
amplitude which involves (Fˆ5)ilmn8. From the self-duality of Fˆ5 it follows that (Fˆ5)ilmn8 is
equivalent to (Fˆ5)ijlmn, hence the amplitude calculated in eleven dimensional supergravity
on T 2 can be expressed covariantly. Indeed, the wave function C
(3)
lmn in (5.34) has 35
physical degrees of freedom which is the number of physical components of the self-dual
five-form Fˆ5. The calculation of the four ∂Fˆ5 amplitude is analogous to the R
4 amplitude
and it is straightforward to show that the amplitude has the same modular structure
(5.20). The main difference lies in the fact that the RijRlmn term in each vertex (5.34)
contributes to the amplitude, resulting in the following kinematic factor
(∂Fˆ5)
4 =
∫
d16θ
(
θ¯∗Γµνρθθ¯∗Γσηωθ∂µ(Fˆ5)νρσηω
)4
(5.39)
Similarly terms like (∂Fˆ5)R
2 and (∂G∂G∗)2 in (5.22) can also be obtained as well as
terms involving the fermionic fields. The (∂Fˆ5)
4 and (∂Fˆ5)R
2 vanish in the AdS5 × S5
background of IIB in which Fˆ5 is a constant. This is in accord with expectations based on
the AdS/CFT correspondence [24,25].
The (∂G∂G∗)2 together with the (∂Fˆ5)
4 interaction vertex in nine dimensions, has
a piece which survives the decompactification limit to eleven dimensions and produces a
(∂F4)
4 term in eleven dimensions. This term is a higher derivative correction of the eleven
dimensional supergravity and appears at the same order as R4. The four-point scattering
amplitude of the three-form potential was calculated in [20] using the matrix theory at
one-loop and identified with the classical supergravity result. It would be of interest to
see how the vertex (∂F4)
4 together with other terms (such as the R4 term) arise in matrix
theory.
It would be interesting to use the eleven-dimensional vertices in situations with
nonzero momentum in the eleventh dimension to describe the interactions of D-particles
which should agree with results of [26] obtained by quantization of the massive ten-
dimensional superparticle in static gauge, although we have not checked this. Another
interesting generalization would be the formulation of covariant superspace vertex op-
erators for the eleven-dimensional superparticle. This would be a generalization of the
open-string vertex operators of [14].
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